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We show that three-dimensional supergravity amplitudes can be obtained as double copies of either 
three-algebra sup er-C hern- Simons matter theory or that of two-algebra super- Yang-Mills theory, 
when either theory is organized to display the color-kinematics duality. We prove that only helicity- 
conserving four-dimensional gravity amplitudes have nonvanishing descendants when reduced to 
three dimensions; implying the vanishing of odd-multiplicity S-matrix elements, in agreement with 
Chern-Simons matter theory. Using three-dimensional on-shell recursion we prove that the tree-level 
S-matrices of the two double-copy constructions coincide, assuming the existence of color-kinematics 
duality. We verify this correspondence at six points for M = 12, 10, 8 supergravity theories. 
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Scattering amplitudes in gauge and gravity theories 
have been found to exhibit many novel structures that 
are hidden in the Lagrangian formulation. One proposal 
for such a novel structure was given by Bern, Carrasco 
and one of the current authors (BCJ) [H0], who conjec- 
tured that super- Yang-Mills (sYM) amplitudes can be 
reorganized such that the kinematic structure mirrors 
the Lie-algebra relations satisfied by the color group. 
Furthermore, it was proven [3j that once such a color- 
kinematics- dual representation is found, gravity ampli- 
tudes can be simply obtained by taking a double copy 
(squaring) of the duality-satisfying kinematic factors [1| . 
While this gauge-gravity relation is classically equiva- 
lent to the field-theory version of the Kawai-Levellen-Tye 
(KLT) open-closed string theory relations its seam- 
less extension to loop level is unrivaled. Renewed analy- 
sis has shown that the double copy relationship between 
gauge and gravity theories is intimately tied to improved 
ultraviolet behavior of maximal 0, [B| and half-maximal 
supergravity theories @. 

In three dimensions, there are two important classes 
of gauge theories: (s)YM and (superconformal) Chern- 
Simons matter (CSm) theory. Unlike the case of sYM 
theory, where the color dependence is governed by struc- 
ture constants of a Lie two-algebra, the color structure 
for CSm is governed by a Lie three-algebra While 
CSm theory can be equivalently formulated using ordi- 
nary Lie two-algebra, the properties relevant to this pa- 
per are better understood in the Lie three-algebra for- 
mulation. Recently Bargheer, He and McLoughlin [lfj ] 
showed that the amplitudes for the Af = 8 CSm, also 
known as Bagger-Lambert-Gustavsson (BLG) theory Q, 
can be rearranged such that the kinematic parts mir- 
ror the relations of the three-algebra color structure. 
They demonstrated, at four and six points, by squar- 



ing the kinematic factors one obtains the amplitudes of 
the Af = 16 supergravity theory constructed by Marcus 
and Schwarz 11|. 

In this Letter, we show that amplitudes of CSm and 
sYM theories, via respective three- and two- algebra dou- 
ble copy relations, gives identical supergravity ampli- 
tudes. This result is striking since, in contrast to CSm, 
odd-multiplicity S-matrix elements of sYM are nonva- 
nishing. We show that R-symmetry constrains imply 
that the KLT relations give vanishing odd-multiplicity 
gravity amplitudes, and furthermore imply that only the 
helicity-conserving four-dimensional gravity amplitudes 
are nonvanishing upon dimensional reduction to D = 3. 
This holds independent of the amount of supersymme- 
try. It is easy to confirm that the first non-trivial case, 
the four-point amplitude, is identical for the two- and 
three-algebra double-copy constructions. Given this, we 
then use on-shell recursion [l2| to prove the equivalence 
of the two double-copy constructions. We demonstrate 
that this result is valid for TV = 6,4,2 CSm theories, 
leading to Af = 12, 10, 8 supergravity theories. 

We give a brief discussion of three- algebra based [l(| 
color-kinematics duality 1]. A three-algebra is con- 
structed via a triple product, antisymmetric in the first 
two entries, and four-indexed structure constants [7[, 



<j-ib . jabc rpd 



(1) 



The structure constants satisfy the fundamental identity 

jabc jdleg jbae jdlcg | j*ceb jdalg | j*eca jdblg q 

where indices are raised/lowered by the metric h ab ~ 
Tv(T a T b ). Imposing the structure constants to be real 
and totally antisymmetric leads to the Af — 8 BLG 
theory. Relaxing the antisymmetry constraint leads to 
Af = 6, 5, 4 theories 0,0]. 
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Tree amplitudes of superconformal CSm theories are 
naturally represented by quartic diagrams, at m points 



- I — 



iGquartic c 



(3) 



where i label the diagrams, on label propagators, and 
k is the level. The color factors Cj are constructed by 
dressing each quartic vertex by four-index structure con- 
stants. The "kinematic numerators", rii, are (nonlocal) 
functions that encode the remaining state dependence. 

Following the color-kinematics duality for sYM theory, 
one can impose a similar duality between the kinematic 
numerators and color factors of the quartic diagrams. 
One requires that the numerators satisfy the same sym- 
metries and identities as the color factors, schematically 



Cj + Cj 



Ck + Cl 



o 



<^ m -m (4) 

<^> rii + rij + rtf, + ni — . 



where the five independent color-ordered amplitudes 
A(i) are chosen to be A(l, 2, 3, 4, 5, 6), A(l, 4, 3, 6, 5, 2), 
A(I,6,3,2,5,4), A(l,4,3,2,5,6) and A(l, 6, 3, 4, 5, 2). 
The five independent numerators are n 1; n 2 , n 3 , 77,4, n 5 . 

Naively, inverting O would give duality-satisfying nu- 
merators. However, the matrix 9 is not invertible; at 
six points it has only rank 4. Although counterintuitive, 
this is a desirable property. It implies that at least one rii 
corresponds to "pure gauge" and can thus be set to any 
convenient value while still obtaining the correct ampli- 
tude. Using this property one can work out non-trivial 
relations between color-ordered amplitudes. As a side 
remark, we note that the matrix has full rank if one 
employs either D > 3 or off-shell momenta. The former 
is in contrast to the sYM case, where the corresponding 
cannot be inverted in any space-time dimension. 

For the six-point case, one obtains a single amplitude 
relation via the kernel 



The second line signifies the fundamental identity or gen- 
eralized Jacobi identity. The double-copy principle state 
that once duality-satisfying numerators are found, the 
supergravity amplitude is given by 



M m = i ( 2 



E 



n< 



(•5) 



z£quartic 

where k is the gravity coupling. The rii, ni may be identi- 
cal or distinct CSm numerators depending on the theory 
under consideration. The formula is valid if at least one 
of the two sets of numerators satisfy the duality @, Q . 

Eq. [5] implies that AAa is a product of (color-stripped) 
CSm amplitudes: drooping all couplings, AA± = A4A4. 
At six points, the appearance of propagators and the 
fundamental identity results in an intriguing interplay. 
Considering the Af < 6 CSm theories one can form nine 
distinct color factors Cj given that odd legs 1,3,5 have 
bared color indices a. These nine contributing diagrams 
can be identified from their three-particle channels 

Si = (Sl23j S126, S134, S125, Sl46j Sl36 ; Sl45i ^124, $156) ■ 

The duality implies that the number of independent color 
factors and independent numerator factors is one to one; 
p = 5 at six points. Expressing the five color-stripped 
amplitudes in terms of the independent numerators gives 



Ker(6 T ) ■ A = ^ C lk A 



(8) 



where Cik = (— Mjfc is the (i,k) cofactor, and 
Mik = Det(Ojj) is the (i, k) minor of the matrix 0. Note 
that this formula is equivalent to replacing the k-th col- 
umn of O by j4(i) and then demanding that the resulting 
matrix has zero determinant. All choices for k give the 
same relation. Up to an overall irrelevant factor, the co- 
efficients Cik are degree- four polynomials in s^. 

Setting, say, 715 to be zero, and omitting, say, ^.(5), 
we can now invert the reduced matrix to express 
ni,ri2,n3,n4 in terms of color ordered Af = 6,4, 2 CSm 
amplitudes. Inserting the resulting rii into eq. ([5]), with 
appropriate pairing, we have explicitly checked that one 
obtains correct Af = 12, 10, 8 supergravity amplitudes. 



Explicit amplitudes 

In order to clarify the bookkeeping details for the vari- 
ous supergravities we now list the four-point double-copy 
amplitudes. The maximal Af — 16 supergravity case is a 
square of the / abcd -stripped BLG Af = 8 amplitude 
Suppressing couplings and i's henceforth, we have 



.4 



(i) 



(6) 



where is comprised of sums of diagram propagators 
with ±1 coefficients. The six-point 5x5 matrix O^- is 
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J_ 
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(7) 



Mi ~ {Ai } ~ {{12} (23) (31) 



(9) 



where the square is understood as a tensor product for 
the Grassmann- valued 77^, with R-charge indices / £ 
(1, . . . ,Af/2) for each theory. With maximal supersym- 
metry the on-shell states form a single multiplet, but for 
fewer supersymmetries the states split into two multi- 
plets <5>^ and $ similar to that defined in refs. (T3.[l^. 
These are chiral and antichiral multiplets of SU(A/"/2) C 
SO(AT)- Here we take Af to be even; theories with odd 
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TABLE I: Examples of explicitly- confirmed double-copy constructions of supergravity theories with half-maximal or more 
supersymmetry. TV = 8 CSm theory has 16 states while TV = 6,4,2 CSm have (8,8), (4,4), (2,2) states in the (chiral, 
antichiral) multiplet, respectively. For TV = 8, 4, 2, sYM we use the (four-dimensional) state counts 16, 8, 4, 2. The single state 
"1" denotes pure D = 3 YM, or single-scalar CSm theory, in the respective columns. Here n counts matter multiplets. 



SG theory 


CSmL x CShir = supergravity 


sYniL x sYMr = supergravity 


coset 


AT =16 


16 2 = 256 


16 2 = 256 


E 8(8) /SO(16) 


TV = 12 


8 2 + 8 2 = 16 x (4 + 4) = 128 


16 x 8 = 128 


E 7( _ 5) /SO(12)®SO(3) 


AT =10 


8x4 + 8x4 = 16 x (2 + 2) =64 


16 x 4 = 64 


E 6( _ 14) /SO(10)®SO(2) 


M = 8, n = 2 


4 2 + 4 2 = 8x2 + 8x2 = 32 


16 x 2 = 32 


SO(8,2)/SO(8)®SO(2) 


TV = 8, n = 1 


16 x 1 = 16 


16 x 1 = 16 


SO(8,l)/SO(8) 



Af we leave for future work. Taking legs 1 and 3 to be 
antichiral multiplets, the Af = 12 amplitude is 

2 



M 



Af=12 



(1,2,3,4) = (<= 6 ) 2 



(12) (2 3) 



(10) 

where A^~ 6 = A¥~^(l, 2, 3, 4) is the color-stripped four- 
point amplitude [Hf of the Af — 6 theory constructed 
by Aharony, Bergman, Jafferis and Maldacena (ABJM) 
151. One may also construct the TV = 12 amplitude as 
a heterotic double copy Af =s x Af =A . This gives the 
correct result, as explicitly verified up to six points, even 
though the structure constants and hence the numerators 
of the two theories obey different symmetries. For Af = 
10 supergravity the four-point amplitude is given by 

(1,2,3,4) ^ (10)(E ^l (13) . (ID 



Mf= w 



(12) 2 (23) 2 



It can be constructed as heterotic double copies A^~ 8 x 
<= 2 (I, 2, 3, 4) or <= 6 (1, 2, 3, 4) x <= 4 (1, 2, 3, 4). 

As discussed in ref. [16| all supergravity theories with 
Af > 8 supersymmetry are unique, while beginning with 
Af = 8 one can have n matter multiplets, corresponding 
to 16n states. The dimensional reduction of pure half- 
maximal D — 4 supergravity corresponds to Af = 8 with 
n = 2; the four-point amplitude is 

2 



M 



A/"=8 



(1,2,3,4) = «= 4 ) 



V (12) (2 3) 



(12) 



with Af~ 4 = Af~ 4 (l, 2, 3, 4). One can also write this as 
A{f =6 x Af =2 . For n — 1, the four-point amplitude is 

4 '" =1 2 (12) 2 (2 3) 2 (13) 2 [ ' 

This is given by a direct product of A^ =8 x A^ =0 , where 
TV = denotes CS theory plus a single minimally-coupled 
scalar. We summarize these results in table HI 



Vanishing of odd-multiplicity amplitudes 

It is enlightening to consider the constraint from R- 
symmetry in four dimensions (see [l7j for similar dis- 



cussion). Through the KLT relations, that is, the two- 
algebra double-copy formula, maximally supersymmetric 
Af = 8 gravity inherits an enhanced SU(8) R-symmetry. 
This includes the following U(l) generator 



d 



(hi 



d 



dfj 



(14) 



where /l,^r 6 l,---,4. Applied to the amplitude, the 
generator R counts the 77 degree minus the r) degree, or, 
as the 77's are charged under helicity, the difference of he- 
licity weight between left and right amplitudes. Denoting 
the KLT map as AA = ^[^Ilj-^r], R-symmetry invari- 
ance thus requires that the two Af — 4 sYM amplitudes 
must have the same helicity weight: 



I^r /N'MHV yiN fe MHVi 

K [A-l , A R \ 



= for k^k' 
± for k = k' 



(15) 



where N fc MHV stands for (next-to-) fc maximally-helicity- 
violating amplitude. Note that since one can consis- 
tently truncate supersymmetry on both sides of the KLT 
formula to obtain reduced supersymmetric theories, the 
above condition is valid for all tree-level pure (super) 
gravity amplitudes. 

Reducing four-dimensional Af = q supergravity to 
three dimensions, one obtains an enhanced SO(2g) sym- 
metry. The SO(2g) generators are built out of quadratic 
forms ~ rf 1 , ryc^ and {d n ) 2 , among these one can identify 
the U(l) generator Y = Yl + Yr, where 



Y\ 



L — 77 




(16) 



and Yr is similarly defined in terms of the i) variables. 
As R = 2(Y L - Yr) it follows that Y L and Yr must 
vanish individually. This freezes the number of 77's, or 
77's, to be 2m, corresponding to helicity weight m. Ad- 
ditionally, any D = 4 sYM amplitude carries overall 
helicity weight — m not accounted for by the 77's (cf. 
Park- Taylor denominator). Thus, in total, only helicity- 
conserving Yang-Mills amplitudes - present exclusively 
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at even multiplicity - can give nonvanishing gravity am- 
plitudes in the KLT or double copy formula. Equiva- 
lently, four-dimensional gravity amplitudes have nonva- 
nishing three-dimensional descendant only for helicity- 
conserving configurations. We have checked this explic- 
itly for all N fe MHV sectors of graviton tree amplitudes 
up to 10 points. 

Given that only even S-matrix elements exists for 
three-dimensional gravity, we^can now employ D = 3 
on-shell recursion relations jTIj to iteratively construct 
all tree amplitudes. The validity of the recursion can be 
established by noting that the infinity-limit of the z de- 
formation in ref. [l2| is equivalent to the four-dimensional 
deformation in a special kinematic configuration. In both 
cases the falloff at infinity can be made as good as 1/z 2 . 



Proof of three-algebra double-copy representation 

We now outline an inductive proof, similar to that 
of the two-algebra case [sj], showing that the three- 
algebra double-copy formula (O gives valid gravity ampli- 
tudes in D = 3. Consider Britto-Cachazo-Feng-Witten 
(BCFW) 0, [H recursion of a CSm amplitude, 



(17) 



where a labels the different BCFW channels, i a labels the 
distinct diagrams contributing to each channel, on labels 
the propagators in diagram i a (not counting l/s a ), and 
n ?i' n ri are numerators satisfying the color-kinematics 
duality for the left and right subamplitudes. The hat aug- 
mentation denotes BCFW-shifted quantities, i.e. evalu- 
ated on the pole l/s a . 

Next, given the same amplitude on a form that satisfies 
color-kinematics duality, impose BCFW decomposition 



A \ " 1 \ " fi ln c L 

•Am- 2^ „ 2^1 



(18) 



The numerators of the two amplitude forms are related 
fii a = ni,i a h r , ia + A ia , (19) 
where, by equality of the two representations, Ai a satisfy 



2- 



= 0. 



(20) 



By construction, Ai a satisfy all fundamental identities in 
the left and right subamplitudes, i.e. if diagram i a , j a , 
k a , l a share all propagators except one, then 



A ja + A ka + A la = . 



(21) 



To see this note that fii a satisfies all fundamental iden- 
tities by virtue of being a duality-satisfying representa- 
tion. By the same assumption, each factor in fii^ a h r .i a 



satisfies the fundamental identities of the corresponding 
subamplitudes. So, by linearity of the fundamental iden- 
tity, eq. (J2TJ) follows from eq. (JT9J). Equation ((21]) will be 
crucial in establishing our proof. 

We now consider gravity. Assuming that the double- 
copy formula ([5]) works for lower-point amplitudes, using 
BCFW we can write the m-point amplitude as 



^Z,z Q *^l,i(x ^r,i a ^r,i a 



Using eq. (|19p we can rewrite eq. 

a try X% 



(22) 



(23) 



A, 



A, A, 



We need to show that only the first term in the parenthe- 
sis survives. This establishes the proof, since the double- 
copy formula ([5]) gives precisely this term upon a BCFW 
decomposition. It is clear that the second and third term 
vanish simply due to eq. (|20[) . since hi a and hi a satisfy 
the same algebraic identities (|4]) as Ci a do. For the last 
term, since Ai a (or Ai a ) satisfy eq. ff2T|) . it also consti- 
tute a duality-satisfying representation in the restricted 
set of s Q -channel diagrams. Hence it satisfies the same 
algebraic identities ((4]) as Ci a do (for fixed a). Replac- 
ing c ia by A ia in eq. (|2"01 gives the needed vanishing, 
finishing the proof. 

In conclusion, we have shown that the three-algebra 
based double-copy formula relates a large class of CSm 
amplitudes to D = 3 supergravity amplitudes. Remark- 
ably, the same gravity amplitudes can be obtained from 
two-algebra based double-copy of sYM amplitudes, as 
been previously shown [l|, |3|. This is striking as CSm 
and sYM amplitudes have conspicuously distinct prop- 
erties, such as (non)vanishing odd-multiplicity S-matrix 
elements. We have also clarified that amplitude relations 
arise from the fact that the matrix 0^ is of lower rank, 
which is only true for D = 3. It would be interesting 
if the resulting amplitude relations have a string-theory 
explanation, as was the case for sYM [l9j]. As the valid- 
ity of the amplitude relations is strictly for D = 3, this 
might be connected to the possible existence of a three- 
dimensional twistor string theory implied by the recently 
proposed integral formula for ABJM tree amplitudes. 
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